
Exploiting Graph Embeddings for Graph Analysis Tasks

Fatemeh Salehi Rizi

Graph Embedding Day
University of Lyon

September 7, 2018



Outline

Circle Prediction
Social labels in an ego-network

Semantic Content of Vector Embeddings
Network Centrality Measures

Shortest Path Approximation
Shortest path in scale-free networks

Futurework

2 of 32



Outline

Circle Prediction
Social labels in an ego-network

Semantic Content of Vector Embeddings
Network Centrality Measures

Shortest Path Approximation
Shortest path in scale-free networks

Futurework

3 of 32



Graph Embedding

Figure 3: Overview of the encoder-decoder approach. First the encoder maps the node, vi, to a low-dimensional vector
embedding, zi, based on the node’s position in the graph, its local neighborhood structure, and/or its attributes. Next, the
decoder extracts user-specified information from the low-dimensional embedding; this might be information about vi’s
local graph neighborhood (e.g., the identity of its neighbors) or a classification label associated with vi (e.g., a community
label). By jointly optimizing the encoder and decoder, the system learns to compress information about graph structure
into the low-dimensional embedding space.

2 Embedding nodes

We begin with a discussion of methods for node embedding, where the goal is to encode nodes as low-dimensional
vectors that summarize their graph position and the structure of their local graph neighborhood. These low-
dimensional embeddings can be viewed as encoding, or projecting, nodes into a latent space, where geometric
relations in this latent space correspond to interactions (e.g., edges) in the original graph [32]. Figure 2 visualizes
an example embedding of the famous Zachary Karate Club social network [46], where two dimensional node
embeddings capture the community structure implicit in the social network.

2.1 Overview of approaches: An encoder-decoder perspective

Recent years have seen a surge of research on node embeddings, leading to a complicated diversity of notations,
motivations, and conceptual models. Thus, before discussing the various techniques, we first develop a uni-
fied encoder-decoder framework, which explicitly structures this methodological diversity and puts the various
methods on equal notational and conceptual footing.

In this framework, we organize the various methods around two key mapping functions: an encoder, which
maps each node to a low-dimensional vector, or embedding, and a decoder, which decodes structural information
about the graph from the learned embeddings (Figure 3). The intuition behind the encoder-decoder idea is the
following: if we can learn to decode high-dimensional graph information—such as the global positions of nodes
in the graph and the structure of local graph neighborhoods—from encoded low-dimensional embeddings, then,
in principle, these embeddings should contain all information necessary for downstream machine learning tasks.

Formally, the encoder is a function,
ENC : V → Rd, (1)

that maps nodes to vector embeddings, zi ∈ Rd (where zi corresponds to the embedding for node vi ∈ V). The
decoder is a function that accepts a set of node embeddings and decodes user-specified graph statistics from
these embeddings. For example, the decoder might predict the existence of edges between nodes, given their
embeddings [1, 35], or it might predict the community that a node belongs to in the graph [28, 34] (Figure 3).
In principle, many decoders are possible; however, the vast majority of works use a basic pairwise decoder,

DEC : Rd × Rd → R+, (2)

4

ENC : V → Rd

DEC : Rd × Rd → R+
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Circle Prediction

� Predicting the social circle for a new added alter to the ego-network 1

1
28th International Conference on Database and Expert Systems Applications (DEXA), 2017
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Circle Prediction

� node2vec for leaning global representations for all nodes glo(v)

� Walking locally over an ego-network to generate sequence of nodes

� Paragraph Vector [2] to learn local representation loc(u)

� Predicting circle for the alter v

� Input: loc(u)⊕ glo(v)

� Profile similarity: sim(u, v)

� loc(u)⊕ glo(v)⊕ sim(u, v)
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Circle Prediction
� Statistics of social network datasets

Facebook Twitter Google+

nodes |V | 4,039 81,306 107,614

edges |E | 88,234 1,768,149 13,673,453

egos |U| 10 973 132

circles |C| 46 100 468

features f 576 2,271 4,122

� Performance of the prediction measured by F1-score

Approach Facebook Twitter Google+

glo⊕ glo 0.37 0.46 0.49

loc⊕ glo 0.42 0.50 0.52

glo⊕ glo⊕ sim 0.40 0.49 0.51

loc⊕ glo⊕ sim 0.45 0.53 0.55

McAuley & Leskovec [1] 0.38 0.54 0.59
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Do embeddings retain network centralities? 2

� Degree centrality DC (u) = deg(u)

� Closeness centrality CC (u) = 1∑
v∈V d(u,v)

� Betweenness centrality BC (u) =
∑

s 6=u 6=t
σs,t(u)
σs,t

� Eigenvector centrality EC (ui ) = 1
λ

∑n
j=1 Ai ,jEC (vj)

2
Properties of Vector Embeddings in Social Networks, Algorithms Journal, 2017
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Relating Embeddings and Centralities
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� A pair (vi , vj) are similar if:
� embedding vectors are close
� similar network characteristics

� Relation

f (Yi ,Yj) ∼
k∑

i=1

wi sim(vi , vj)

� Yi is the embedding vector of vi
� wi is the weight of the centrality i
� pi is a function computes similarity
� k is the number of centrality measures

Learning to Rank can learn weights

10 of 32



Relating Embeddings and Centralities

� A pair (vi , vj) are similar if:
� embedding vectors are close
� similar network characteristics

� Relation

f (Yi ,Yj) ∼
k∑

i=1

wi sim(vi , vj)

� Yi is the embedding vector of vi
� wi is the weight of the centrality i
� pi is a function computes similarity
� k is the number of centrality measures

Learning to Rank can learn weights

10 of 32



Relating Embeddings and Centralities

� A pair (vi , vj) are similar if:
� embedding vectors are close
� similar network characteristics

� Relation

f (Yi ,Yj) ∼
k∑

i=1

wi sim(vi , vj)

� Yi is the embedding vector of vi
� wi is the weight of the centrality i
� pi is a function computes similarity
� k is the number of centrality measures

Learning to Rank can learn weights

10 of 32



Learning to Rank

� Ranking nodes according similarity in the embedding space

� Feature matrix according similarity in the network

� rankSVM objective function:

1

2
wTw + C

∑
(i ,j)∈V

max(0, 1− wT (xi − xj)

w = (wDC ,wCC ,wBC ,wEC )
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Learning to Rank

� Every pair (vi , vj) has a centrality similarity
� Pvi : histogram of centrality distribution in N(vi )
� Qvj : histogram of centrality distribution in N(vj)
� centrality similarity: 1− DKL(Pvi‖Qvj )

� Feature matrix X ∈ R|z|×4, z = n × (n − 1)

X =


simDC(v1, v2) simCC(v1, v2) simBC(v1, v2) simEC(v1, v2)
simDC(v1, v3) simCC(v1, v3) simBC(v1, v3) simEC(v1, v3)
simDC(v1, v4) simCC(v1, v4) simBC(v1, v4) simEC(v1, v4)

...
...

...
...


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Learning to Rank

� Every node vi sort all other nodes according to Yi · Yj

� vi : [v1, v2, · · · , vn−1]

� Every pair (vi , vj) has a rank label

� Ground-truth y ∈ R|z|×1, z = n × (n − 1)

y =


rank(v1, v2)
rank(v1, v3)
rank(v1, v4)

...


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Semantic content of embeddings

� Deepwalk: d=128, k=5, r=10, l=80

� node2vec: d=128, q=5, p=0.1

� line: d=128

Dataset Weight DeepWalk LINE node2vec

Facebook

wDC 0.09± 0.02 -0.15 ±0.05 0.82±0.01
wCC -0.01± 0.04 -0.07 ±0.00 0.04±0.00
wBC 0.64± 0.03 -0.55±0.07 -0.01±0.04
wEC -0.64±0.02 -0.68±0.08 -0.07±0.00

Twitter

wDC 0.07±0.09 -0.09 ±0.05 0.53±0.01
wCC -0.15 ±0.00 -0.00 ±0.08 0.04 ±0.17
wBC 0.51±0.04 -0.69±0.00 -0.11 ±0.10
wEC -0.71±0.05 -0.58±0.01 -0.03 ±0.01

Google+

wDC 0.02±0.04 -0.00 ±0.10 0.65±0.00
wCC -0.05 ±0.11 -0.04 ±0.09 0.09 ±0.07
wBC 0.55±0.05 -0.53±0.07 -0.14 ±0.00
wEC -0.63±0.03 -0.68±0.06 -0.07 ±0.03
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Predicting Centrality Values

Dataset |V | Average Closeness std

Facebook 4, 039 0.2759 0.0349
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Linear Regression gives the minimum MAE by HARP: 0.0070
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Shortest-path Problem

Single-Source Shortest-Path (SSSP)

Given a Graph G = (V ,E ) and Source s ∈ V , compute all distances
δ(s, v), where v ∈ V .

All-Pairs Shortest-Path (APSP)

Given a graph G = (V ,E ), compute all distances between a source
vertex s and a destination v , where s and v are elements of the set V .

� Exact methods: Algorithms try to find the exact shortest-paths
between vertices in any type of graphs

� Approximation Methods: Algorithms attempt to compute
shortest-paths between nodes by querying only some of the
distances.
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Exact Methods

Algorithm Time Complexity

Dijkstra (V times) [14] O(|V |2 log |V |+ |V ||E | log |V |)
Floyd-Warshall [3] O(|V |3)

Thorup [4] O(|E ||V |)
Pettie & Ramachandran [5] O(|E ||V | logα(|E |, |V |))

Williams [6] O(|V |3/2Ω( log |V |)1/2

)

Han and Takaoka [15] O(|V |3(log log |V |)/(log |V |)2)

Fredman [16] O(|V |3(log log |V |)/ log |V |1/3)

T. M. Chan [17] O(|V |3/ log |V |)
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Approximation Methods

  

V

L

v

u

d(u,l)

d(l,v)

l

� Landmark-based Methods [8, 9, 10, 11]

� A subset L of vertices as landmarks
� k = |L|, k � |V |

� For all l ∈ L and u ∈ V : d(l , u)
� BFS: O(k(|E |+ |V |))

� d(u, v) = min(d(u, l) + d(l , v))
� Query time: O(k)

� For all pairs: O(k(|E |+ |V |)) + O(k |V |2)

Optimal Landmark selection is a NP-hard problem!
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Our Approach 3

Algorithm 1: All-Pairs Shortest Path Approximation

Data: graph G = (V ,E )
1 for u, v ∈ V do
2 if v ∈ Nu or u ∈ Nv then
3 return 1
4 else
5 return SP(u, v)

� Nu is a set of u’s direct neighbors

� SP is a neural network approximation function

3
IEEE/ACM International Conference on Advances in Social Networks Analysis and Mining (ASONAM), 2018
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Approximator

� A Feedforward Network

� Mapping function: Rd → R+

� Input layer

� Hadamard �
� Average �
� Concatenation ⊕
� Subtraction 	

� Hidden layer: h = max(0, z), z = xw + b

� Output layer: y = ln(1 + ez
′
), z ′ = hw ′ + b
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Our Approach

1. Node embeddings O(|V |)
� node2vec
� Poincaré

2. Training pairs

� Selecting k random landmarks
� Breadth-first search from landmarks to others to obtain the training

shortest paths O(k(|E |+ |V |))
� k(|V | − k) training pairs

3. Train a Feedforward network on training pairs k(|V | − k)O(1)

4. Test the network on remaining pairs (unseen pairs)

The total run time:

O(|V |) + kO(|E |+ |V |) + k(|V | − k)O(1) + C < O(k|V ||E |)
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Approximation Quality

� Error Estimation

� Mean Absolute Error (MAE): 1
nt

∑ |d − d̂ |
� Mean Relative Error (MRE): 1

nt

∑ |d−d̂|
d

� Test and Train pairs

Dataset |V | |E | d Training pairs Test pairs

Facebook 4, 039 88, 234 4.32 1, 022, 640 109, 978

Blog Catalog 88, 784 4186390 2.72 1, 409, 700 88, 316

Youtube 1, 134, 890 2, 987, 624 5.5 2, 452, 757 184, 413

Flickr 1, 715, 255 15, 551, 250 5.13 2, 579, 437 112, 967

� Facebook
� 30 sec (node2vec) + 5 min (gather pairs) + 3 min (training and test)
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Error Estimation
� Feedforward Neural Network

Dataset Embedding Size MAE MRE

	 ⊕ � � 	 ⊕ � �

Facebook
node2vec

32 0.480 0.415 0.233 0.531 0.175 0.164 0.068 0.188

128 0.197 0.258 0.1180.118 0.217 0.071 0.099 0.0380.038 0.081

Poincaré
32 0.592 0.594 0.552 0.604 0.214 0.211 0.218 0.212

128 0.437 0.315 0.372 0.608 0.169 0.115 0.142 0.246

BlogCatalog
node2vec

32 0.277 0.242 0.197 0.193 0.092 0.103 0.067 0.067

128 0.220 0.275 0.159 0.1540.154 0.077 0.119 0.064 0.0590.059

Poincaré
32 0.338 0.338 0.343 0.338 0.108 0.108 0.112 0.108

128 0.331 0.354 0.277 0.338 0.115 0.138 0.097 0.108

Youtube
node2vec

32 0.676 0.265 0.455 0.625 0.230 0.066 0.163 0.223

128 0.344 0.1540.154 0.174 0.244 0.101 0.0340.034 0.040 0.061

Poincaré
32 1.095 0.708 1.134 0.774 0.429 0.264 0.446 0.291

128 1.270 1.185 1.746 0.771 0.497 0.468 0.681 0.262

Flickr
node2vec

32 0.699 0.295 0.564 0.525 0.250 0.086 0.183 0.198

128 0.238 0.1680.168 0.181 0.222 0.171 0.0740.074 0.178 0.179

Poincaré
32 0.995 0.808 1.022 0.874 0.349 0.284 0.429 0.278

128 0.803 0.662 0.807 0.764 0.397 0.432 0.566 0.364

0.118 0.038

0.154 0.059

0.154 0.034

0.168 0.074
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Error Distribution
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Comparing to State-of-the-art
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Future work

� For future:
� Approximating longer distances among nodes
� Learning embeddings which retain centralities

� An idea of graph embedding
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Thanks for your attention!
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